ABSTRACT. We give sufficient conditions for inequalities of the form (f(fG(x-y)f(y)dn(y)j dw(x)J < C (j \f(y)\> du{y) J to hold for measurable functions /. We determine the dependence of the constant C on the measures n, v, u> and give some applications.
Introduction.
Let G(x) be a nonnegative function on R", and let p, v, uj be Borel measures. If we define (1.1) Gdp(x) = j G(x-y)dp(y),
we shall be interested in inequalities of the form (1-2) ||G/<fc||,,u<C||/||P," where n/iu = (/i/(i/)r^(i/)) PSuch inequalities arise in many areas of mathematics and physics, and we shall be giving some applications. In addition to the assumption that G(x) be nonnegative, we shall also assume that there is a constant Co such that (1.3) G(y) < C0G(x) when \x\ < 2\y\. □ where the supremum is taken over all cubes Q with sides parallel to the coordinate axes, containing the point x and having volume [Q[ < 6n. Here p(E) = f du(y).
J E
We also take (1.5) Mo-dp(x) = M^oo dp(x) = sup a(Q)~lp(Q). x€Q We consider finite cubes Q with sides parallel to the coordinate axes. For a cube Q we let l(Q) denote the length of its side and we put i(Q) = 4^/nl(Q). For a > 0 we let aQ denote the cube with side length al(Q) and having the same center as Q. For a measure p, we let uq denote the restriction of p to Q. Our first result is THEOREM 1.1. Assume that a, b,p,q,t> 1, t <p< a and that (1.6) l/a + l/b=l/q.
Assume also that p is absolutely continuous with respect to v and that (1.7) ||Gd/ig||,,u<00
for all G. Let
and let p, r be functions of sets such that
for any cube Q, where t' = t/(t -1). Then there is a constant C depending only on p, q, and n such that \\Gfdn\\q,u < CCQ-\\f\\p,v\\MT(dp./dv)t'dv\\tft:tU (L10) xsupKQ)-1/pI|mpXqHI:;Lq.
Variations of this theorem are given by THEOREM Next we show how we can weaken (1.7). We let Gr du(x) = I G(x -y) dp(y) 
Jr."
and F denotes its inverse. We shall be concerned with the case s > 0. As an application of Corollary 1.5 we have the following theorem. THEOREM 1.7. Assume that 1 < t < p < q and that there are constants a < q, R such that We can also obtain criteria for (1.2) to hold even when q < p by using either Theorem 1.1 or Theorem 1.2. Moreover, we can have our inequalities depend on the operators Mp,0 with 6 < oo and the supremum taken over cubes Q satisfying \Q[ < 6n if we assume This can be seen from the theorems of §2. The formulation of such theorems is straightforward and is left to the reader.
Proof of the theorems of this section will be found in §2. After this paper was submitted for publication, Eric Sawyer gave the author a copy of his paper [26] in which he finds two conditions which together are necessary and sufficient for (1.2) to hold in the case » < q, p = v, and G(x) is a positive semicontinuous radial function decreasing in [x[. In the present paper we do not necessarily make these restrictions. However, our conditions are only sufficient. It would be of interest to find the relationship between the results in the cases of overlap.
2. An inequality.
In this section we shall prove a basic estimate that will be used in establishing the theorems of §1. First we have If (2.10) is achieved by subdivision, we lose (2.9). But in this case we can also require (2.11) r < 9i.
Thus we can make each Qj satisfy (2.10). If it does not satisfy (2.11), it will satisfy (2.9).
Let b, d be positive numbers to be determined later. Define (2.12) Ej = {xE Qj[Gr dp(x) > Xb, Mafi dp(x) < Xd} for each j. Let Q be one of the cubes Qj, and let E C Q be the set given by (2.12). Assume first that Q satisfies (2.10) and (2.11). Then we have
Xbuj(E) < j Grdp(x)dui(x)= f f G(x -y) dp(y) dui(x) Jq JQJ\x-y\<r = 11 G(x-y)du(x) dp(y)
< sup / G(x -y) duj(x) / dp(y)
y J\x-y\<p;xeQ JQ + 2p < uj(Q)Ma<i{Q)+2pdp(x), xEQ, by (2.6), where p = pj. Assume that E ^ 0. Since l(Q) + 2p < 8 by (2.7) and (2.10), there is an x E Q such that Ma^(Q)+2pdp(x) < Xd.
Thus (2.13) oj(E) < (2d/b)co(Q) (the reason for the 2 will be given later). Next assume that Q satisfies (2.9) and (2.10) but not (2.11). Thus p < r, and there is a point x0 and in 5a within a distance of 3^/(12) of Q. Thus (2.14)
G2rdp(x0) < X. 
Thus if x E Q, then
Grdp(x)= j + j G(x-y)dp(y)
J\x-y\<p J p<\x-y\<r < Gp dp(x) + C0 I G(x0 -y) dp(y) J\x0-y\<2r = Gp dp(x) + C0G2r dp(x0) < Gp dp(x) + CQX by (2.2) and (2.14). We now take b = 2C0-Then E E {xE Q\GP dp(x) > \bX, Mat6 dp(x) < dX}.
Consequently, -Xbuj(E) < I Gpdp(x)duj(x)= / G(x -y) dp(y) dw(x)
)dp(y) J \J\x-y\<p;x€Q J <u(Q)MaAQ)+2pdp(x), xEQ, < oj(Q)Xd, by (2.6) and (2.7). Thus (2.13) holds in this case as well (here we need the factor of 2). If we now add (2.13) over all the cubes, we obtain uj({Grdp(x) > Xb, Ma,sdp(x) < Xd}) < (2d/b)u>(Sx). Ma dp(x) = Mffi00 dp(x) = sup a(Q)~1p(Q).
x€Q PROOF. We note that Grdp < G dp, Mafi dp < M" dp.
Thus (2.3) implies \\Gr dp\\% < eq\\Gdp\\% + (2q+1C9/eq)q\\M<7 dp\\%. Since Grdp / G dp the result follows. □ Since Mafk dp < Maf dp and Gfk dp f Gf dp, the result follows. □ License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use hold for all cubes Q with \Q\ < 6n.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Grdp(x)= j G(x-y)dp(y),
Now we give the proofs of the results of § 1.
PROOF OF THEOREM 1.1. We note that (2.21) holds by Corollary 2.4. Then we apply Theorem 2.8 with r = t and 6 = 00. MT(dp/dy)t' dv = MT dr = 1.
If we take b = 00, a = q, we obtain (1.15 Thus (l-e)\\Grdp\\q^<£\\Grdp\\q^ + 2q+1Cq0e-q\\Mr7dp\\q,ul.
Since
Grdp / G dp, Grdp\0 We can now apply Corollary 1.5 and Theorem 1.6 to obtain (1.21). □
